An alternative derivation of the Pegg-Barnett phase operator is presented. This approach is based on the properties of the representation in quantum mechanics of a nonlinear nonbijective canonical transformation. It does not use as its starting point either a finite-dimensional space or the definition of phase states. The features of this formalism are analyzed in terms of this transformation.
I. INTRODUCTION
The correct definition of phase in quantum mechanics encounters basic difhculties, becoming a subject of continuous investigation from the beginning of the quantum theory until the present time [1] . The relevance of such a variable has stimulated an active search for a satisfactory quantum description as close as possible to its desirable properties.
Two approaches have found great acceptance. In his original work on the quantized electromagnetic field, Dirac [2] proposed the existence of a phase operator that would be defined from a polar decomposition of the annihilation operator in terms of the square root of the number and the exponential of the phase operators [3] . Such exponential of phase, known as the Susskind-Glogower (SG) operator [4] , is not unitary and does not allow the existence of a Hermitian phase operator. This formalism exhibits phaselike properties for fields with high average excitation number, and its non-normalizable eigenstates are often considered as states with well-defined phase [5] . However, when the existence of the vacuum becomes significant, the peculiar effects associated with the nonunitarity become apparent.
The Pegg-Barnett (PB) formalism [6] , which has been widely employed recently, starts with states of welldefined phase. They ascribe the obstacles to defining a satisfactory phase operator to the use of an infinite Hilbert space from the start, and propose to work with a finite, but arbitrarily large, Hilbert space of 8+ 1 dimensions. With the aid of the phase states they are able to define a Herrnitian phase operator. Then, after measurable quantities are calculated, the limit as s tends to infinity is taken. This first step of working entirely with a finite-dimensional space before finding the limit is a departure from the usually accepted prescription.
In this work, we present a difFerent derivation of this formalism that does not begin with either a finitedimensional space or the definition of phase states. The idea is to consider a canonical transformation to action and phase-angle variables for a harmonic oscillator [7] , and incorporate in this way a finite-dimensional space to the description of the system. In a recent work [14] , we studied the representation in quantum mechanics of the nonlinear and nonbijective canonical transformation relating a one-dimensional harmonic oscillator of unit frequency with another of frequency r, , r. being a non-negative integer. This transformation is a dilation in the angle-action variables of the form [7] 2 ) (3.5) Note that, efFectively, the second term on the right-hand side of (3.4) is the third component of an angular momentum.
II. PECC-BARNETT PHASE OPERATOR
In this way a unitary operator for the exponential of the phase can be obtained from a polar decomposition of the projection of the angular momentum in the XY plane in terms of a radial component and an exponential of the phase angle in the form [16) = e'&J", J+ = J"e-'&, (3.6) adequate than the original one for our purposes if we do not introduce any simplification. As we expect that some kind of advantage can arise in the limit of an arbitrarily high dimension for V, we can exploit this finitedimensional space, focusing our attention momentarily on the projection of the number operator on V, and trying to find the operator corresponding to its conjugate variable. As pointed out by Newton [15] , when working in the phase representation the number operator in the enlarged space can be represented by a difFerential operator that formally coincides with the third component of an angular momentum. So, we take the V space as carrying a tc;dimensional unitary irreducible representation of SU (2) Newton [15] in order to find quantum representations of the action-angle variables for the harmonic oscillator.
A crude look at Eq. (3.1) could lead to the interpretation that, in the limit r.~oo, the discrete j (number of excitations) and the bounded P will become a continuous j = j/r and an unbounded p = Kp. The new variables will become then better behaved than their original counterparts with respect to the existence of a phase operator. This is obviously not true, and the new variables are on an equal footing with the original ones, which is the reason for the diKculties for a unitary representation of this transformation.
Then, overcoming these difhculties would, at the same time, provide a tool for the description of the phase that is more accurate as K becomes These results can be translated into the 'R space by means of the transformation U. The PB formalism, in our language, consists in identifying the finitedimensional space 4 with Uf (~0 ) V). A basis in '8 can be given as (3.10) and the PB phase states will be now~0, 8 ).
This approach cannot be satisfactory yet. In the first place, we have derived this formalism in the infinitedimensional space '8 and, as a consequence, we obtain infinite many copies, labeled by n, of the phase states and phase operator. In the second place, we have attempted to describe the phase only in terms of the V space, and 'H remains merely as a spectator.
When we consider the limit of high~and restrict ourselves to the physically accessible states as defined by Pegg and Barnett [6, 9] 
V. CONCLUSIONS
The PB formalism involves the construction of a phase operator in a finite-dimensional space and the identiFication of states of a well-defined phase. Finally the limit is taken of expectation values obtained from this operator as the dimension of the space is allowed to tend to infinity. We have shown that, with a proper choice of variables, the same phase operator can be derived without the first two steps. This equivalent approach is based on the infinite Hilbert space, but possesses the main features of the PB formalism, including the ones related to limit taking.
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